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Update: Please see Ref. 1 for an improved, published version of this technical note.
TL;DR: Derivation of fit functions for the dependence of the microwave resonant frequencies of
ground-state alkali-metal atoms like Rb on the pressure of Ar, Kr, or Xe buffer gas in vapor cells.
Includes the effects of dipolar and quadrupolar hyperfine interactions in short-lived van der Waals
molecules not treated in previous work that may account for experimental discrepancies.
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I. INTRODUCTION

My dissertation [2] presents measurements of the 0-0
pressure shifts of both 8’Rb and ®°Rb in Ar, Kr, and
Xe buffer gas [3]. These shifts are nonlinear with pres-
sure presumably because of short-lived van der Waals
molecules, each made of an alkali-metal atom weakly
bound to a noble-gas atom. Chapter 4 presents a the-
oretical model that accounts for the 8"Rb data [4]. How-
ever, that model clearly fails for the data of 3°Rb in Xe.
In the end, Chapter 4 suggests an improved model is
needed that considers additional spin interactions in the
molecules.

This note presents a detailed derivation of a candidate
for such an improved model. It expands the previous
model to include the next two interactions suspected to
contribute: the dipolar and quadrupolar hyperfine inter-
actions [5]. However, it differs significantly in its deriva-
tion, because expanding the previous model’s approach

of treating the bound alkali-metal atom as a weakly per-
turbed atom suffers quantization issues, despite giving
nearly the same results as presented here [6]. The new
model uses a more straightforward molecular spin eigen-
state approach that surprisingly avoids these issues by
including rotation in the eigenstates before taking a clas-
sical limit, instead of semi-classically in the interactions
[7, 8]. This approach also introduces small corrections for
the spin-rotation and Zeeman interactions. The model is
able to account for the shape of the nonlinearity observed
with 8°Rb in Xe [6].

II. DERIVATION
A. Setup

In the time between collisions, a free alkali-metal atom
evolves according to a ground-state spin Hamiltonian

Hy=AI-S— pu-B, (1)

where the first term is a Fermi-contact interaction cou-
pling the nuclear spin I and electronic spin S with a
magnetic-dipole coupling coefficient A. The second term
is a Zeeman interaction of the total magnetic-dipole mo-
ment g = —gsupS + grunI with an externally applied
magnetic field B of amplitude B = |B|. Here, gg is the
electronic g factor, up is the Bohr magneton, g; is the
nuclear g factor, and py is the nuclear magneton. Let
us assume that any external field is static and oriented
along the lab-frame Cartesian unit vector z, such that
B = Bz.

For atomic clocks, the field B is typically weak enough
that the dominant interaction in Hy is the hyperfine
coupling. The ground-state energy eigenstates are very
nearly the eigenstates |F'm) of the total spin angular
momentum F =1+ S with quantum number F' and az-
imuthal quantum number m along z. The hyperfine cou-
pling splits the sublevels into upper and lower hyperfine
manifolds with total angular momentum

F{a:I+UZ

b=1-1/2, @

respectively. The nuclear spin I and electronic spin S =
1/2 are good quantum numbers for these sublevels.
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Vapor-cell clocks measure transitions between these
hyperfine manifolds. To proceed, let us consider an “a—
£” hyperfine transition between the free-atom eigenstates

@) = laa) and |B) = [b). 3)

The 0-0 (or “clock”) transition is conventionally used,
since it has no first-order dependence on the field B. Ide-
ally, without collisions, the measured resonant frequency
would be the Bohr angular frequency for the transition,

Wap = (Baa — Evp)/N, (4)

where & is the reduced Planck constant and the energies
Epy, = (Fm|Hog|F'm). These frequencies are approxi-
mately

Alll | gspsB
oh [k

~

wag =~

(a+p), ()

to first order in the field B and ignoring the small Zeeman
interaction with the nuclear spin. Here and subsequently,
the shorthand

[J]=2J +1 (6)

of brackets about a single quantum number denotes its
spin multiplicity.

B. Pressure shifts from sticking collisions

We can calculate the pressure shift from molecule-
forming (or sticking) collisions using a density-matrix
approach as follows. The density operator p for ground-
state alkali-metal atoms evolves according to

Z;[Ho,p]+<;(5w9*ﬂ)>v (7)

which for simplicity ignores the effects of optical pumping
as well as binary and other non-sticking collisions. The
first term on the right models free-atom evolution. The
second term models sticking collisions with angle brackets
denoting an ensemble average over molecules and their
formation rates 1/T. S is a scattering-matrix operator
that captures bound-atom evolution by converting the
wave function of a free atom into that of a free atom just
exiting a collisional perturbation, following Ch. 10 of [9].
For a particular molecule with lifetime 7, the S-matrix is

S = exp(—iH7/h) exp(iHoT/h), (8)

where H; is the spin Hamiltonian for the bound-atom
evolution. Here and subsequently, a bar denotes bound-
atom quantities.

The bound-atom spin Hamiltonian H; includes addi-
tional interactions that only contribute during the time
spent in the molecule. For Rb, the most significant in-
teractions are expected to be the hyperfine-shift (hfs),

electronic spin-rotation (sr), dipolar-hyperfine (dh), and
quadrupolar-hyperfine (gh) interactions,

Hi ~ Ho + Vigs + Var + Van + Ve, 9)

which are addressed below [5]. Other interactions are
present but assumed negligible, such as the nuclear spin-
rotation and octupole-hyperfine interactions. Interac-
tions with spins in the bound partner like spin exchange
are present, but measurements with different Xe isotopes
in [2] suggest they are negligible for typical buffer gases.
This may no longer apply if, for example, the buffer gas
is spin polarized.

In an ideal experiment, the measured a—( frequency
is equal to the precession frequency of the coherence
(ar|p|B). In the secular approximation, molecules from
sticking collisions produce a pressure shift

« « T
A = -t (1S5 )

of the temporal frequency of this coherence as well as
a corresponding damping [2]. As before, angle brackets
denote averaging over molecules.

For a given rovibrational state, the lifetime is ex-
pected to follow an exponential distribution with mean
7. We can average over molecular lifetimes by integrat-
ing [ e YT Av dt/T after introducing bound-atom spin
eigenstates |f1) of Hy with energies F; = (fi|H1|m). Av-
eraging then reduces the shift (10) to a sum over bound-
atom states

A= < () P8 (v — wa5>r> o

21T [1 4 (wgw — wap)?72]

v

where the bound-atom Bohr frequencies are
Wno = (EH — Ep)/h (12)

Here, as with H1, a bar denotes bound-atom quantities.

Eq. (11) is the nonlinear pressure shift from molecules.
Its rough dependence on buffer-gas pressure p follows
from noting that the three-body formation rate 1/7 o p?
and the collision-limited lifetime 7 o< 1/p. At low pres-
sures there is no shift, lim,_,o Av oc p3, but at high pres-
sures there is a linear shift, lim,_,. Av « p. Thus, the
rough shape of Av with pressure is a gradual turning on
of a linear shift, with the detailed shape in between sen-
sitive to molecular parameters. One interpretation of the
shape of Av versus the inverse lifetime 1/7 o p is as an
interference pattern formed by all of the ways that an a—
[ coherence may connect through a temporary molecule
via discrete —v pathways, the interference of which de-
pends on T.

In measurements, the dominant linear shift is typi-
cally that from binary collisions instead of sticking colli-
sions [10]. Therefore, it is convenient to artificially sepa-
rate the molecular shift into linear and nonlinear parts,

Av = sy, p+ A%y, (13)



to highlight the nonlinearity that is due to sticking colli-
sions. Here, the infinite-pressure linear slope is

Sm = lim Av/p

_ () (PIB)” (wpw — wap)T
-y (M o et g

and the remaining nonlinear shift is

A2y =Av—s,p

Ly < o) (P18)? (o — Waﬁ)373> -

20T [L+ (@ — wap) 7]

v

By construction, the nonlinear shift is zero at infinite
pressure, lim, A2y — 0, and as a result, is linear at
low pressure, lim, o0 A?v = —s,p. To avoid confusion,
note that this nonlinear shift is not an actual pressure
shift, but instead is only a convenience for analyzing ex-
periments. The true nonlinear pressure shift is the total
molecular shift Av of (11). We will focus on the non-
linear pressure shift Av below and return to the linear,
limiting slope sy, of (14) and nonlinear shift A%y of (15)
to construct fitting functions.

To calculate these shifts, what remains is to determine
the bound-atom eigenstates |fz) and their energies Er
and to average over rovibrational states, their formation
rates, and their directions of rotation.

C. Introducing molecular spin eigenstates

To determine the bound-atom eigenstates |fz), we must
choose how to treat molecular rotation. Previous work
[2, 6] approximated rotation semi-classically in the inter-
actions and thus separately from quantum spins. How-
ever, the derivation of (11) with an S-matrix requires |f)
to be energy eigenstates. While bound, the true energy
eigenstates are the molecular spin eigenstates formed by
the coupling of alkali-metal atomic spins with molecular
rotation. Therefore, we will include rotation quantum
mechanically in the molecular spin states, connect them
with the bound-atom spin states, and then take a classi-
cal large-rotation limit. The energies for the interactions
considered agree to leading order for both approaches,
but their interpretation with respect to quantization is
different.

The molecules of interest are loosely bound heteronu-
clear diatomic molecules in their electronic ground states,
composed of a 'Sy noble-gas atom and a 29, /2 alkali-
metal atom, with molecular term symbol X 2XF. Their
total electronic spin angular momentum S is solely due to
the alkali-metal atom, so the quantum number S = 1/2.
Their total orbital angular momentum L = 0, with axial
component A = 0, so these molecules follow Hund’s case
(bgs) with their electronic spin not strongly coupled to
the internuclear axis [11]. The total rotational angular

momentum of the nuclei is N with quantum number N.
As discussed above, we will ignore the nuclear spin from
the noble-gas atom.

The strongest spin interaction by far is expected to be
the Fermi-contact hyperfine coupling between I and S,
just as for the free alkali-metal atoms, so the resultant
F =1+ S is still a good quantum number. The total
angular momentum for the molecule is then the resul-
tant G = F + N. Note that here, and subsequently, the
definitions of F and G are intentionally swapped com-
pared to those in Brown and Carrington [11], so that F
has the same definition for both ground-state atoms and
molecules.

As will be shown below, the Zeeman interaction with
B in (1) sets the quantization axis for the molecules, just
as for free atoms. The remaining spin-rotation, dipolar-
hyperfine, and quadrupolar-hyperfine interactions do not
depend on mg, just as the spin-orbit, dipolar-hyperfine,
and quadrupolar-hyperfine interactions in excited alkali-
metal atomic spin states do not depend on the total m.
Thus, for moderate applied magnetic fields or less, the
molecular spin eigenstates are very nearly the eigenstates

\ISF; FNG; Gme) (16)

of the total spin angular momentum G with quantum
number G and azimuthal quantum number m¢ along z,
in the notation of Brown and Carrington [11]. As will be
shown below, G plays the role of ™ in a rotated, bound-
atom spin state, connecting this with previous work. For
convenience, let us use the shorthand

|FNGg) = |ISF; FNG;G g) (17)

with ¢ = mg, when the values of I, S, and N are under-
stood. Note that for sufficiently strong applied magnetic
fields, there will be mixing between G states, just as be-
tween F' states for free atoms.

To use these molecular eigenstates, first replace the
bound-atom eigenstates in (11) with the substitutions

[p) — |[F'=a,N,G,g) (18)

|7) — [F"=b,N,G",g") (19)
2D (20)
n v G,9g G',g'

where (3) set F' and F’. Then, replace the Bohr frequen-
cies (12) and bound-atom energies with the substitutions
Wno — W@g;Glg' = (E|aNGg> — E|bNG/g’))/h (21)

Ez — Ejungg) = (aNG g|H1|aNG g) (22)
Ej—> E‘ch;/g/> = <bNG/ g/‘ﬁlleG/ g/> (23)

Finally, the free-atom spin eigenstates have to be modi-
fied to include a tensor product,

@) — ac) @ [¢n) (24)
1B) — [bB) @ |[¥n), (25)

with a rotational wave function [¢x) that will be used
below to average over the direction of rotation.



D. Large-N approximation

To simplify the matrix elements in (11), we will take
a classical limit of N > 1, which is justified for the
molecules of interest [12, 13]. The molecular spin eigen-
states decompose into atomic and rotational parts as

|[FNGg) = Y C{2

Fm,Nmpn

|[Fm)® |Nmy). (26)

m,mn
For large N (and thus large G), the quantum number

F <« G and N, and the Clebsch-Gordon coefficient is
approximately (Eq. 8.9.1(1) of [14])

[CE | Sgmama |y (Oa)|  (27)
where the angle between G and the lab z axis is
0cq = arccos(2g/[G]). (28)
The Wigner “little” d-function [14] is
d¥)(8) = (F m|exp(—i0F,)|F m) (29)
where the the azimuthal quantum number
m=G— N €[-F,F], (30)
is that of an effective bound-atom state |F ).

Using (26) and (27) with (18) and (19), the matrix
elements in (11) simplify to

[{alm)|?
(16)17

(31)

(66, IV g — )]
o, g )

2
— a0 6o wnIN.g - (32)

for large N. Here, the indices &t = G — N € [—a,a] and
7 =G — N € [-b,b], or equivalently G and G’, play the
role of m for rotated, bound-atom spin eigenstates, as in
previous work [2].

E. Averaging over the direction of rotation

The rotational wave function |¢ ) may be decomposed
in terms of orthonormal Hund’s case (b) rotational spin
basis functions |N n) with A =0 as [Yn) =), Bn|Nn)
[11]. Each sticking collision then corresponds to a choice
of coefficients B,,. To average over the direction of
rotation, we need to determine the statistical weights
(B, B,) to use with (11).

To proceed, consider using an operator R(6,¢, )
with Euler angles (6, ¢,v) to rotate an arbitrary |¢n)
to a new direction. After this rotation, the coefhi-

cients are B,(0,¢,v) = >, Bn(0,0, 0) (N) m(0,0,0),
where the ngner “big” D-function Dnm( ,0,0) =
(Nn|R(6,p,9)|[Nm). Averaging uniformly over all

4

Euler-angle values then gives (B, BX,) =
D-function orthogonality.

Therefore, to average over the direction of rotation,
replace the rotational wave function with

[YN) — [N n) (33)

dn,m/[N] from

and uniformly average over n. Note that, for large IV,
G~G =N and g~ ¢ ~nin Av. As a result, the an-
gles 0qy ~ 0gy and are approximately continuous. After
the substltutlon (33), this average is then approximately

<Au>w~ = Z Av ~ 7/ Av dcos(f)  (34)

n——N
with a shared angle
0~ 9(;9 ~ 9(;/9/. (35)

Together with the substitutions (18)—(25), (31), and
(32), this makes the nonlinear pressure shift (11)

Any/

v

0)(waw(0) — wap)T
47TT 1 + ﬂy(a) — waﬁ)QT

(36)
where the angular weight functions
2
122(0) = |l (0) 400 (37)

generalize those in Eq. (4.94) of [2]. The Bohr frequencies

wiw(0) = [Ela,N,G=p+N,g=n+a) (0)
—Epp N,G' =54+ N,g'=n+8) (0)] /1 (38)

depend on the shared angle 6 of (35) and (28) if the
energies depend on n & cos(0)[N]/2 via g or ¢, which
occurs only for the Zeeman interaction as shown below.

F. Single-rovibrational-state approximation

The remaining average to complete is that over all rota-
tional and vibrational states allowed by the alkali-metal—
noble-gas interaction potential V(R) [15-18]. This av-
erage superposes the differing shifts from each rovibra-
tional state. Unfortunately, there is not enough informa-
tion available about the spin interactions of interest for
this to be tractable or trustworthy. Instead, to proceed
we will approximate this average using a single rovibra-
tional state with effective parameters, following previous
work. That is, we will assume the average is performed
over the parameters, keeping the functional form of the
shift unchanged.

In this approximation, the Av of (36) becomes

Av ( )Z/lu ]i)dos(H) (39)




in terms of averaged molecular phase shifts

$22(0) = ([ww(0) — wag]T) (40)

that generalize m,, ¢ in previous work [2]. The remaining
brackets here, and subsequently, denote a rovibrational
expectation value assuming a single rovibrational state.

G. Interaction energies and fit parameters

Last, what remains is to evaluate the molecular inter-
action energies and their fit parameters. The calculations
are rather tedious [7], so only the results are summarized
here with references to Brown and Carrington [11]. The
results agree to leading order in 1/N with calculations
from a bound-atom approach [6], and include small ad-
ditional corrections to the spin-rotation and Zeeman en-
ergies.

For fitting, it is convenient to use pressure-independent
and isotope-independent parameters. Noting that 7p
is very nearly pressure independent, let us introduce a
molecular phase-shift parameter

(655(0) p) = (¢P)uts + (Duwp)se + (6505 (0) )z
+ (¢/M/p)dh + ((b;wp)qh (41)

with pressure-independent contributions from each inter-
action to be determined below. Isotope-independent fit
parameters for each contribution will be introduced for
each. The top line has the contributions from the three
interactions previously considered, including the Zeeman
(Z) interaction in (1). As shown below, only the Zeeman
contribution depends on «, 8, and #. The bottom line
has the contributions from the two new interactions not
previously considered.

1. Hyperfine-shift interaction (hfs)

The perturbation to the Fermi-contact interaction is
modeled by the hyperfine-shift interaction,

Vats = 0A(R)I - S, (42)

where JA(R) is a potential that depends on internuclear
distance R and is generally expected to change sign at
least once for our molecules of interest [2, 5, 19-27]. This
interaction is diagonal in G and m¢, and has the same
form as the Fermi-contact interaction in (1).

The molecular energies follow Eqgs. (10.49) and (11.80)
in Brown and Carrington [11] and are the same as those
in the atomic case,

Elfivay) = GAR) {(F— o)+ (F ~ lal}, (43)

where brackets denote a rovibrational expectation value.

The molecular phase-shift parameter

(¢p)nss = —<5A(R2)7; elll (VP)nss gIQ[I]

is independent of p and v, and equal to (¢p) in previous
work [2, 4, 28]. For fitting data, the parameter

(OA(R)T)p

(Z/Jp)hfs = T (45)

(44)

(units of rad Torr) is pressure independent and very
nearly isotope independent, because A/g; is isotope in-
dependent up to a part-per-thousand hyperfine anomaly
for Rb [29, 30].

2. Spin-rotation interaction (sr)

The electronic spin-rotation interaction is
Hg = V(R) S-N. (46)

where v(R) is a potential that depends on internuclear
distance [5, 9, 31-33]. While the literature gives a gen-
eral impression that (7y(R)) should be positive, precision
measurements and theory confirm it is negative for LiAr
[34, 35]. This interaction can have multiple physical ori-
gins [11], but the most significant origin here is expected
to be the spin-orbit interaction in the noble-gas atom
[31]. This interaction is diagonal in G and mg.

The molecular energies follow Eqgs. (10.48) and (11.85)
in Brown and Carrington [11],

ST (_1)F_a<’7(R)> (m(N}

|FNGg) = 1]

m(m+1) —F(F+1))

. (47)
where . = G — N. The first term matches previous work
[2]. The second term is a correction of relative order
1/(N) with a form that roughly resembles the dipolar
and quadrupolar energies below.

The molecular phase-shift parameters are

~ (Yp)sr ,
((Zsul/p)sr = [I] <,Uf +
2u(p+1) +2w(v+1)—4I(I+1) -1
* 4(N) )

(48)
using a pressure- and isotope-independent parameter

(1/)p)sr = <7(R)NT> p/h (49)

(units of rad Torr). Ignoring the correction, this param-
eter is equivalent to r1@p(p + v) = Iimy o0 (VD) se/[{]
in previous work [2, 4]. The sign of (p)s; has an effect
only through the small 1/N correction term (48), which
contributes to both the nonlinear and linear shifts. This
correction term depends on (¢¥p)s,/(N), so is indepen-
dent of N in the single-state approximation.
Table II provides estimates of (1p)s;.



3. Dipolar-hyperfine interaction (dh)

The electron-nuclear dipolar (or anisotropic hyperfine-
shift) interaction can be expressed in many forms [11].
For a strong coupling of T and S, the most convenient is

Van = Vogsppgrun (%) T%(C)-T*(S,1),  (50)
following the notation of Eq. (1.56) in Brown and Car-
rington [11], where pg is the vacuum permeability and
T?%(C) is a tensor involving the alkali-metal valence elec-
tron position about its nucleus. This interaction is diag-
onal in G and mg. For reference, using Eq. (5.116) in
[11], an effective Hamiltonian for this interaction is

Van ~ to(R)I- (3RR—1) - S, (51)

where the axial magnetic-dipole hyperfine coefficient
to(R) measures the aspherical symmetry of the Rb va-
lence electronic wavefunction, R is the internuclear axis
unit vector, and 1 is the unity dyadic tensor. The coef-
ficient tg is related to the “Frosh and Foley” parameter
Cc = t0/3.

The molecular energies follow Egs. (1.60), (8.513-
8.515), (10.50), and (11.81-11.84) in Brown and Carring-
ton [11]. The derivation includes a Wigner 9j symbol that
is available in Table 10.3 of [14]. These energies are

Eﬁ?zvcw = (- <t;(£)>
3Xrm(Xpm—1) —4N(N +1)F(F +1)
X< . F(2N—1)(2N+3) > (52)

for the quantities
Xrm=F(F+1)—m(m+ [N]) (53)

and Tm = G — N, assuming I > 1/2. The brackets apply
to the remaining dependence on N.
The molecular phase-shift parameters are

_ gr(@p)an [ 2NN + DI =3V,
(PpwP)an = 12[1] dh< (2N —1)(2N + 3) > (54)

for the quantity
Vi, = Xopy(Xay — 1) £ X, (X — 1) (55)
using a pressure- and isotope-independent parameter

{to(R) p)

(¥p)an = P

(56)
(units of rad Torr). For reference, the leading-order term
in a 1/(N) expansion is

(¢pvp)an ~ g1(¥p)an (T — W) . (57

The first part resembles the hyperfine-shift interaction
and the second part modifies the shape of the nonlinear
shift.

Walker and Happer [5] provide an estimate for the
strength of this interaction for 8°Rb with '3'Xe. Not-
ing that the coefficient to(R) = B,(R) in Eq. (31) of [5],
Fig. 14 of [5] estimates |to(R)| < |y(R)| for R € [2,4.5] A,
which is just before the potential well in V(R) [15]. As-
suming this inequality holds generally for larger R, then
it gives a rough estimate of |(¢¥p)an| < |(¥p)s:|/((N)gr) =~
0.5 rad Torr for Rb in Xe using values in Table II.

4. Quadrupolar-hyperfine interaction (qh)

The nuclear electric quadrupole interaction can be ex-
pressed in many forms [11]. For a strong coupling of I
and S, the most convenient is

Van = —eT2(Q) - TX(VE), (58)

following the notation of Eq. (1.28) in Brown and Car-
rington [11]. Here, @ is the quadrupole moment of the
alkali-metal nucleus. This interaction is diagonal in G
and mG. For reference, using Eqs. (5.116), (7.158), and
(7.192) in [11], an effective Hamiltonian for this interac-
tion is

Vi ~ eqo(R)Q

le-(?)]?}?—ll)l, (59)

where ¢o(R) is a standard measure of the electric field
gradient along the internuclear axis.

The molecular energies follow a derivation similar to
Eq. (9.93) and Appendix 8.4 in Brown and Carrington
[11] and uses Eqgs. (5.173), (9.13-14), and (7.159) in that

reference. These energies are

a _elao@®Q) ((=1)F 1
Ejeneg) = 41(02[ —1) ( mn 2)
3Xpm(Xpm —1) —AN(N + 1)F(F + 1)
X < S 2N —1)(2N +3) > (60)

for m = G — N and Xpz of (53), assuming I > 1. The
brackets apply to the remaining dependence on N.
The molecular phase-shift parameters are

_ 3(Yp)an@ 2v,5, - [1Y,,,
(SuwPlan = gro7— }i)[l] <(2N “1)(2N + 3)> (61)

for the quantities Y5, of (55), using a pressure- and
isotope-independent parameter

(¥p)an = € {qo(R) p)/h (62)
(units of rad Torr/Barn). For reference, the leading-order

term in a 1/(N) expansion is

(Qb;u/p)qh ~ 3(1/1P)qhQ

~ Il D [V?(21 +3) — (21 — 1)] .

(63)



This term modifies the shape of the nonlinear shift.
Walker and Happer [5] provide an estimate for the
strength of this interaction for 8Rb with 131Xe. Not-
ing that the coefficient Cy(R) = eqo(R)Q/{41(2] — 1)}
in Eq. (31) of [5], Fig. 14 of [5] estimates |C,(R)| <
|v(R)/20| for R € [2,3.5] A, which is just before the
potential well in V(R) [15]. Assuming this inequality
holds generally for larger R, then it gives a rough esti-
mate of |(¥p)an] < [(Gp)wlAT] — 1)/(20(N)Q) ~ 0.5
rad Torr/Barn for Rb in Xe using values in Table II.

5. Zeeman interaction (Z)

The Zeeman interaction in Hy and has both nuclear
and electronic spin contributions. For simplicity, as in
previous work, let us ignore the nuclear contribution.
Then the Zeeman interaction is very nearly

Hy— —p-B~gsupB-S. (64)

This interaction sets the atomic and molecular quanti-
zation axes to be along the applied field B in the lab
frame, so is diagonal in m¢g. However, it is not diagonal
in G, and for sufficiently large fields B, will induce mix-
ing between low-field eigenstates with different values of
G.

The molecular energies follow Egs. (11.91-92) in
Brown and Carrington [11]. For the electronic spin only,
the energies are

_ 2g
Z F—a
Efpngg = (=1)" "“gsupB <[G])

G\ G(G+1)+ F(F +1) — N(N +1)
x (2) 2G(G +1)

(65)

The molecular phase-shift parameters are

[1]h
411 +1) + 1 —2u% — 202
o))

B
w%mzwm”B'm[—a—ﬂ+amm(u+u

(66)

using (35) and (28) and including only the first and sec-
ond terms in a 1/N expansion. The first term is equiva-
lent to —(r1¢p)(a + B) in the low-field limit of previous
work [2]. The second term is a small correction with a
form that roughly resembles the dipolar and quadrupolar
energies above.

H. Fitting functions

To analyze data, we fit a data set of a—3 transition fre-
quencies f = f(p) measured at different buffer-gas pres-
sures p using a fit function

f=vo+ (sp+ sm)p+ A% (67)

TABLE I. Atomic parameters for reference. The values of
are calculated from values of u;y = grlun in [36]. Note that
the ratio Q(®"Rb)/Q(®Rb) for free atoms and for molecules
like RbC1 and RbF differ on the order of one percent [37].

Atom I g1 [36] Q@ (Barns) [37]
85Rb 5/2 0.541192 0.276 £ 0.001
8TRb 3/2 1.83421 0.1335 £ 0.0005
TABLE II. Molecular parameters for reference from mea-

surements by Bouchiat et al. [12, 13]. The values of (¢p)sr
are calculated from the effective spin-rotation magnetic field

Bi = (yN)/(gspuB) as (p)ss = gsusBi(T)p/h. The values
of (N) are rough theoretical estimates.

Parameter RbAr [13] RbKr [12]  RbXe [12]
(Tp?) (ms Torr?) 16.1 £ 1.3 10.6 & 0.5 4.29 + 0.23
(1p?) (ns Torr) 48.5 + 1.9 56.9 + 1.7 34-61
(¢¥p)sr (rad Torr) 1.016 4+ 0.040 9.61 4 0.40 31.9 + 9.2
B1 (Gauss) 1.19 £ 0.05  9.59 + 0.28 38.1 + 1.6
(N) 30.5-33.3 41.5 63.2-76.7

with a zero-pressure intercept vq, a binary pressure-shift
slope sp, a molecular pressure-shift slope s,,, and a non-
linear pressure shift Av. The nonlinear shift A%y is more
convenient here than Av because of its ease of plotting.

The two slopes may be combined into a total linear
slope s = s; + s,. However, it is convenient to use sepa-
rate slopes to compare isotopes. Note that the expected
isotopic scaling of the binary slope is s, o< A[I] [2].

In practice, it’s convenient to decouple the parame-
ters as follows: Fit the parameter (¢¥p),/+/(Tp?) instead
of (¢p), for n = his, sr, dh, and gh (this helps decou-
ple the shape of A%v from its size); Fit the parameter
(¥p)n/({(N){Tp?)) instead of (N) (this helps with s,,
while fitting different isotopes with shared parameters);
Last, ignore the hfs contribution to s,, when initially
comparing isotopes (this helps decouple s, and A2%v).

In experiments, care is needed to remove nonlinear-
ity in pressure measurements, to account for inaccuracy
between pressure gauges when comparing slopes, and to
constrain the zero-pressure intercept [2].

Tables I and II provide atomic and molecular parame-
ters for reference.

1. Fit function for moderate applied fields

With the above averages and approximations, and for
moderate applied field strengths B such that G is still
a good quantum number, the nonlinear pressure shift
is given by (39) with molecular phase-shift parameters
given in (41), (44), (48), (54), (61), and (66).

Re-arranging to use these pressure-independent pa-



rameters, the equivalent linear, limiting slope is

= (et ) 3 [ sz

o (0)p] d cos(0),

(68)
and the equivalent nonlinear shift is
aB 0 3
A%y = ( ) / f’” ( o) pdcos(@).
An(Tp?) ) <~ i (0)p]?
(69)

For convenience, here and subsequently, the bar notation
is removed in fit functions. The pressure-independent
parameter (T'p?) describes the formation of molecules.

2. Fit function for negligible applied fields

For magnetic fields that are small enough to not influ-
ence the nonlinear shift significantly while still defining
the quantization axis, we may set B = 0 such that the
phase shifts ¢fj€, do not depend on 6, then (69) becomes

B 1 Wl (¢00p)°p
Ay~ By = <2ﬂ<Tp2>> 2 P2 + (635p)2 (70)

v

with a subscript introduced for reference later. The cor-
responding molecular linear, limiting slope (68) becomes

N o (4of

The negligible-field weight coeflicients
o1 (" as
Wg) = 5/_1 fuy (8) dcost (72)

generalize the W, =3 | W00 in previous work [2].
The threshold to enter thls neghglble field regime de-
pends on the choice of transition and the fit parameter
values. Numerically, for the 0-0 transition, this regime
seems to occur for B < B for the spin-rotation fields
B in Table II. However, the thresholds for some other
transitions such as end-state resonances seems to lower.

8. 0-0 transition weights and linear shift
For the 0-0 transition, the weights (72) are

CbObOCbIJb—V

(73)

Wm/ = (_1)#4_” Z [ }CaO a 0011;2;0,,
k

where the superscripts « and (8 are omitted for conve-
nience. Table III gives explicit weights of interest.

TABLE III. Weights (73) for the 0-0 transition with neg-
ligible magnetic field versus nuclear spin quantum number.
Common alkali-metal atoms are indicated for convenience.
The rows correspond to p € [a,a — 1,...,1 — a, —a], and the
columns tov € [b,b—1,...,1 —b, —b]:
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The molecular linear slope (71) evaluates to

) (gz(wp)hfs _ (¥p)s
2w (Tp?) 2 6(N)
~ (Yp)an[l +2I(1 +1)]
52N — 1)(2N 1 3)

(Yp)an[3 —4I(1 +1)] )
201(2] — 1)(2N — 1)(2N + 3)

+ (74)

for I € {1/2,3/2,5/2,7/2} with the weights shown in
Table III. Note that the quadrupolar interaction is not
allowed for I = 1/2. The first term from the hyperfine-
shift interaction shares an isotopic scaling with s,  [I]A4,
so is indistinguishable from s; except for how parame-
ters are fitted via A2y. The second term from the spin-
rotation interaction has a different isotopic scaling than
Sp, so might be directly distinguishable by comparing iso-
topes. The remaining contributions from the dipolar and
quadrupolar interactions are of second and higher order
in 1/(N) and also have different isotopic scalings.



I. Relation to fit functions in previous work

Previous published work considered only the 0-0 tran-
sition with negligible applied fields [4, 28]. We can re-
cover the “low-field spin-rotation” model of [4] from (70)
by setting (¢¥p)an = 0, (¥p)qn = 0, and (N) — oo. Us-
ing the relation Zu Wyo—p = Wes, where o = u+v, this
recovers the nonlinear shift

Wo(1+ri0)3¢3
14+ (1+ri0)2¢?

(75)

1 21

=—21I

from [2, 4], where ¢ = JA[I]7/(2h) and r; =
29yN/(6A[I]?). We can recover the model of [28] by
additionally setting (¢p)s; = 0. Using the property

> v Wi =1, this recovers the nonlinear shift

3
A2 az—— (L) 2 (76)
2070 27T ) 1+ ¢?’

of [2, 28]. For both of the above models, this also re-
covers the corresponding molecular linear slope s, =
(¢p)nts/[27(Tp?)] of all previous work [2].

Previous unpublished work in [2] attempts to capture
the effects of moderate applied fields using a bound-atom
approach. We recover very nearly the same model by set-
ting (¥p)an = 0, (¥p)qn = 0, and (N) — co. However,
the details and interpretation of the angular average in
(69) are rather different than that of Eq. (4.98) in [2],
except in the limit of small applied fields.
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